Abstract. For classical real Lie groups, we compute the annihilators and associated varieties of the derived functor modules cohomologically induced from the trivial representation. (Generalizing the standard terminology for complex groups, the nilpotent orbits that arise as such associated varieties are called Richardson orbits.) We show that every complex special orbit has a real form which is Richardson. As a consequence of the annihilator calculations, we give many new in nite families of simple highest weight modules with irreducible associated varieties. Finally we sketch the analogous computations for singular derived functor modules in the weakly fair range and, as an application, outline a method to detect nonnormality of complex nilpotent orbit closures.
Introduction
Fix a complex reductive Lie group, and consider its adjoint action on its Lie algebra g. If q = l u is a parabolic subalgebra, then the G saturation of u admits a unique dense orbit, and the nilpotent orbits which arise in this way are called Richardson orbits (following their initial study in R] ). They are the simplest kind of induced orbits, and they play an important role in the representation theory of G.
It is natural to extend this construction to the case of a linear real reductive Lie group G R . Let g R denote the Lie algebra of G R , write g for its complexi cation, and G for the complexi cation of G R . Let denote the Cartan involution of G R , write g = k p for the complexi ed Cartan decomposition, and let K denote the corresponding subgroup of G.
Instead of considering nilpotent orbits of G R on g R , we work on the other side of the KostantSekiguchi bijection and consider nilpotent K orbits on p. (As a matter of terminology, we say that such an orbit O K is a K-form of its G saturation.) Fix a -stable parabolic subalgebra q = l u of g. Then the K saturation of u \ p admits a unique dense orbit, and we call the orbits that arise in this way Richardson. It is easy to check that this de nition reduces to the one given above if G R is itself complex.
It is convenient to give a slightly more geometric formulation of this de nition. A -stable parabolic q de nes a closed orbit K q of K on G=Q (where Q is the corresponding parabolic subgroup of G). Let denote the projection from G=B to G=Q. Then ?1 (K q) has a dense K orbit (say O q ) and we may consider its conormal bundle in the cotangent bundle to G=B. A little retracing of the de nitions shows the image of the conormal bundle to O q under the moment map for T (G=B) is indeed the K saturation of u\p, and we thus obtain a second characterization of Richardson orbits: they arise as dense K orbits in the moment map image of conormal bundles to orbits of the form O q .
The above geometric interpretation is especially relevant in the context of the representation theory of G R . Consider the irreducible Harish-Chandra module (say A q ) of trivial in nitesimal character attached to the trivial local system on O q by the Beilinson-Bernstein This paper was written while the author was an NSF Postdoctoral Fellow at Harvard University. 1 equivalence. Then A q is a derived functor module induced from a trivial character and is of the form considered, for example, in VZ]; see Section 2.2 for more details. From the preceding discussion (especially the fact that K q is closed), it is easy to see that the D-module characteristic variety of A q is the closure of the conormal bundle to O q . (The de nition of the characteristic variety is recalled in Section 2.3 below.) Since the moment map image of the characteristic variety of a Harish-Chandra module is its associated variety, we arrive at a third characterization of Richardson orbits: they are the nilpotent orbits of K on p that arise as dense K orbits in the associated varieties of modules of the form A q . Note that since the G saturation of the associated variety of a Harish-Chandra module with integral in nitesimal character is special ( BV2] ), this interpretation implies that the G saturation of a Richardson orbit is a special nilpotent orbit for g.
The rst result of the present paper is an explicit computation of Richardson orbits in classical real Lie algebras. In type A, this is well-known (see T3] for instance); we give the answer for other types in Sections 3{7. This is not particularly di cult and amounts only to some elementary linear algebra, but the answer does have the a posteriori consequence that every complex special orbit has a Richardson K-form. This result has the avor of a corresponding result for admissible orbits. Modulo some conjectures of Arthur and based on V4], Vogan gave a simple conceptual proof that for the split real form of G, every complex special orbit has a K-form which is admissible. (Without relying on the Arthur conjectures, the result has been established in a case by case manner for the classical groups by Schwarz Sc] and for the exceptional groups by No el No] and Nevins N] .) It would be worthwhile to check Theorem 1.1 for the exceptional groups. A conceptual argument might be very enlightening.
Our second main result concerns the annihilators of the modules A q ( ). Using the explicit form of the computation of Richardson orbits in the classical case, one may adapt an argument from T2] to establish the following result. Theorem 1.2. For the classical groups, the annihilator of any module of the form A q is explicitly computable.
The computation, which is carried out in Section 8.6 and is relatively clean, is made in terms of the tableau classi cation of the primitive spectrum of U(g) due to ) and Gar nkle ( G1]{ G4]). Using these calculations, one can immediately apply the main techniques of T2] to compute the annihilators and vanishing of many (and possibly all) weakly fair A q ( ) modules of the classical groups. It is important to recall that these highly singular modules can be reducible, and implicit in the previous sentence is a method to detect cases of such reducibility. In turn, a theorem of Vogan's (see V3] ) asserts that the reducibility of a weakly fair A q ( ) is su cient to deduce the nonnormality of the complex orbit closure that arises as the associated variety of Ann U(g) (A q ( )). Together with the reducibility computations, this allows one in principle to deduce the nonnormality of certain orbit closures. It may be interesting to pursue these ideas in the still open case of the very even orbits in type D 1 .
The computations of annihilators of weakly fair A q ( ) modules may still seem rather technical to those unfamiliar with real groups. Yet they are important, even for applications to simple highest weight modules. We prove the following result, which is logically independent from the rest of the paper, in Section 8.2; the notation is as in Section 2. This result gives new examples of simple highest weight modules with irreducible associated varieties; using more re ned ideas (which will pursued elsewhere), it leads to many more examples. The proof of Theorem 1.3 is based on an interesting (but indirect) interaction between the highest weight category and the category of Harish Chandra modules for a real reductive group. It would be very useful to understand this interaction in a more direct manner.
Background and Notation
Throughout we retain the notation established in the introduction for a real reductive Lie group G R .
2.1. Highest weight modules. Let h be a subalgebra of g. In general, we write ind g h for the change of rings functor ? U(g) U(h) . Fix a Borel b = h n in g, and write for the corresponding half-sum of positive roots. Let w o denote the long element in W = W(h; g). For w 2 W, let M(w) denote the Verma module ind g b (C wwo ? ); here C wwo ? is the one dimensional U(b) module corresponding to the indicated weight. We write L(w) for the unique simple quotient of M(w).
Given a highest weight module, let X j denote the subspace obtained by applying U j ( b) applied to the highest weight vector. The associated graded object is a C n] module; let AV(X) denote its support.
2.2. The modules A q . Fix G R and let q = l u be a -stable parabolic subalgebra of g. Let L R be the analytic subgroup of G R corresponding to q \ q, where the bar notation indicates complex conjugation with respect to g R . Consider the one dimensional ( q;L \ K) module V top u, and set S = dim(u \ k). De Fix G R , and let X be a nite length (g; K) module. Fix a K-stable good ltration of X, and consider the S(g) module obtained by passing to the associated graded object gr(X). By identifying (g=k) with p (and noting the K-invariance of the ltration), we can consider the support of gr(X) as a subvariety of p. This subvariety, denoted AV(X), is a ( nite) union of closures of nilpotent K orbits on p, and is called the associated variety of X.
Let D denote the sheaf of algebraic di erential operators on B, the variety of Borel subalgebras in g. If X has trivial in nitesimal character, we can repeat the above construction for the (D; K) module D U(g) X. This de nes a subvariety CV(X) of T B called the characteristic variety of X. It is a union of closures of conormal bundles to K orbits on B. The moment map image of CV(X) is AV(X) (once we identify p with p ).
Both invariants may be re ned by considering the rank of the associated graded object along the irreducible components of its support. In the former case we obtain the associated cycle of X, a linear combination (with natural number coe cients) of closures of nilpotent K orbits on p. In the latter case we obtain the characteristic cycle of X, a linear combination of closures of conormal bundles to K orbits on B.
2.4. Tableaux. We adopt the standard (English) notation for Young diagrams and standard Young tableaux of size n. We let YD(n) denote the set of Young diagrams of size n, and SYT(n) the set of standard Young tableaux of size n.
A standard domino tableau of size n is a Young diagram of size 2n which is tiled by two-by-one and one-by-two dominos labeled in a standard con guration; that is, the tiles are labeled with distinct entries 1; : : : ; n so that the entries increase across rows and down columns. We let SDT C (n) (resp. SDT D (n)) denote the set of standard domino tableau of size n whose shape is that of a nilpotent orbit for Sp(2n; C ) (resp. O(2n; C ); see Proposition 2.1.
Finally, we de ne SDT B (n) to be the set of Young diagrams of size 2n + 1 and shape the form of a nilpotent orbit for O(2n+1); C ) (Proposition 2.1), whose upper left box is labeled 0, and whose remaining 2n boxes are tiled by dominos labeled in a standard con guration.
A signed Young tableau of signature (p; q) is an arrangement of p plus signs and q minus signs in a Young diagram of size p+q so that the signs alternate across rows, modulo the equivalence of interchanging rows of equal length. We denote the set of signature (p; q) signed tableau by YT (p; q). We let c(p; q) denote the unique element of YT (p; q) whose shape consists of a single column.
Given T 2 YT (p; q), we write n j for the number of rows of T of length j beginning with the sign , and set n j = n + j + n ? j .
2.5. Adding a column to a signed tableau. The key combinatorial operation in the computation of associated varieties is that of adding the column c(r; s) (notation as in Section 2.4), either from the left or the right, to an existing T 2 YT (p; q) to obtain new tableaux c(r; s) T ; T c(r; s) 2 YT (p+r; q+s):
We rst describe T c(r; s). This signed tableau is obtained by by adding r pluses and s minuses, from top to bottom, to the row-ends of T so that
(1) at most one sign is added to each row-end; and (2) the signs of the resulting diagram must alternate across rows. (3) each sign is added to as high a row as possible, subject to requirements (1) and (2), possibly after interchanging rows of equal length. Proposition 2.1 ( CMc, Chapter 6] ). Recall the notation of Section 2.4 (1) Orbits of SL(n; C ) on N(sl(n; C )) are parametrized by partitions of n. All orbits are special.
(2) Orbits of Sp(2n; C ) on N(sp(2n; C )) are parametrized by partitions of 2n in which odd parts occur with even multiplicity. Such an orbit is special if and only if the number of even rows between consecutive odd rows or greater than the largest odd row is even.
(3) Orbits of O(n; C ) on N(so(n; C)) are parametrized by partitions in which even parts occur with even multiplicity. If n is even (resp. odd), such an orbit is special if and only if the number of odd rows between consecutive even rows is even and the number of odd rows greater than the largest even row is even (resp. odd).
2.7. Orbits of K on N(p ). We recall the following parametrization of KnN(p ) for various classical real groups G R . (These parametrizations di er slightly from the perhaps more standard one given in CMc, Chapter 9], but the correspondence between the two is obvious.)
Recall that since O(p; q) is disconnected, the complexi cation of O K 2 KnN(p ) need not be a single orbit of SO(n; C ) on N(so(n; C )), though it is of course single orbit under the action of O(n; C ).
Proposition 2.2. Recall the notation of 2.4.
(1) For G R = U(p; q), KnN(p ) is parametrized by YT (p; q). (As a matter of notation, we set YT (SU(p; q)) = YT (p; q).) (2) For G R = Sp(2n; R) , KnN(p ) is parametrized by the subset YT (Sp(2n; R)) YT (n; n) of elements such that for each xed odd part, the number of rows beginning with + coincides with the number beginning with ?. In particular, all parts occur with even multiplicity, and the complexi cation of any
consisting of signed tableaux such that for each xed even part, the number of rows beginning with + equals the number beginning with ?. Proof. Although this is very well known, we will need some details of the parametrization below. Consider rst the case of U(p; q). Let (2) Set G R = Sp(2n; R) and x positive integers m; p, and q such that n = m+p+q. Fix T 0 2 YT (Sp(2m; R)) and set T = c(p; q) T 0 c(q; p):
Then T 2 YT (Sp(2n; R)), and T parametrizes the largest orbit among those parametrized by tableaux obtained by adding p plus signs (resp. q minus signs) to the beginnings of rows of T 0 and q plus signs (resp. p minus signs) to the ends of rows of the resulting diagram. (1) Corollary 3.2 (Barbasch-Vogan) . Every K orbit for U(p; q) is Richardson. Proof. If O K is parametrized by T 2 YT (p; q), let p i (resp. q i ) be the number of plus (resp. minus) signs in the ith column of T, and let q be the -stable parabolic corresponding to the sequence of pairs (p 1 ; q 1 ); (p 2 ; q 2 ); : : : . Using Proposition 3.1, it is easy to check that O K = AV(A q ).
4. Sp(2n; R) The K conjugacy classes of -stable parabolic subalgebras for Sp(2n; R) are parametrized by a tuple consisting of a positive integer m n and an ordered sequence of pairs (p 1 ; q 1 ); : : : ; (p r ; q r ) such that m + P i (p i + q i ) = n. The Levi subgroup of Sp(2n; R) corresponding the such a parabolic subalgebra is Sp(2m; R) U(p 1 ; q 1 ) U(p r ; q r ). G 0 R U(n 0 ; n 0 ), and G R U(n; n). As in the proof of Proposition 3.1, write E n = E n 0 E n 00 . This de nes an inclusion U(n 0 ; n 0 ) U(n; n), and assume it is restricts to the inclusion of G 0 R G R . (1) adding p r plus signs (resp. q r minus signs) to the beginnings of the rows of T that begin with ? (resp. +); and (2) to the resulting tableau, adding p r minus signs (resp. q r plus signs) to the ends of the rows of T that begin with ? (resp. +), with the usual convention that empty rows begin and end with both plus and minus signs. Now the proposition follows from Proposition 2.3 and an inductive argument. Then AV(A q ) = O K .
The discussion in Case (I) and Case (II) prove that every orbit appearing in the corollary are Richardson. We also need to prove that every Richardson orbit is of this form. Suppose that q is parametrized by the sequence m; (p 1 ; q 1 ); : : : ; (p r ; q r ). Let q 0 be parametrized by the sequence m; (p 1 ; q 1 ); : : : ; (p r?1 ; q r?1 ). Again using zero as the base case, we can assume that the tableau T 0 parametrizing the dense orbit in AV(A q 0) is of the form described in the Theorem. According to Proposition 4.1, to check that the dense orbit in AV(A q ) is of the form described in the corollary (and hence complete the proof of the corollary), we need to prove that c(p r ; q r ) T 0 c(q r ; p r ) is of the required form. This is a straightforward combinatorial check whose details we omit 5. Sp(p; q) The K conjugacy classes of -stable parabolic subalgebras for Sp(p; q) Sketch. This is very similar to Proposition 4.1. The inductive analysis shows that p r plus signs must be added to both the beginning and ends of T 0 , and likewise for q r minus signs. ; and assume that n 2k+1 + n 2k is nonzero. There are a number of cases to consider. Proof. This is very similar to the cases already treated. We omit the details. Corollary 6.2. Let Sketch. This is very similar to the Sp(p; q) case treated above. We omit the details. Proof. This is once again very similar to the preceding cases. We omit the details. Corollary 7.2. Let O K 2 KnN(p ) be parametrized by a signed tableaux T. Then O K is
Case (I)
Richardson if and only if T satis es the following conditions (1) If p+q is even (resp. odd), the number of odd rows between consecutive even rows is even and the number of odd rows greater than the largest even row is even (resp. odd).
(2) Fix a maximal set (say S) of odd rows between consecutive even rows. Then all rows of a xed length (say 2k+1) in S begin with the same sign (say (2k+1)). Moreover if rows of length 2k+1 and 2l+1 appear in S, then (2k+1) (2l+1) = (?1) k+l .
In q extends to a harmonic polynomial on S(h ). It is known ( Ch] ) that q is proportional to the Goldie rank polynomial q I of I := Ann U(g) (X( )), the annihilator of A q .
In the introduction we sketched the computation of the characteristic variety of A q . This argument in fact shows that the characteristic cycle of A q is the closure of the conormal bundle to O q with multiplicity one. A result of Chang ( Ch] If g is classical of type X = B n ; C n ; or D n , Barbasch-Vogan and Gar nkle attached a primitive ideal I(T) 2 Prim(U(g)) to each T 2 SDT X (n), and showed that this assignment is bijective when restricted to SDT X (n) sp , the subset of SDT X (n) of special shape (Proposition 2.1). In this way, we may speak of the primitive ideal attached to a domino tableau. We follow Gar nkle's conventions for this assignment. In particular, there is an implicit choice of simple roots which, in the respective three cases, is as follows: + B = f 1 := e 1 ; j := e j?1 ?e j j 2 j ng + C = f 1 := 2e 1 ; j := e j?1 ?e j j 2 j ng + D = f 1 := e 1 +e 2 ; j := e j?1 ?e j j 2 j ng When we discuss the -invariant of I 2 Prim(U(g)) (Section 8.3), we will always implicitly make the choice of positive roots indicated above. imply that the primitive ideal attached to the rst r 1 boxes of T 1 (resp. T 2 ) is completely characterized by the action of certain wall-crossing translation functors in the simple roots 2 ; : : : ; r 1 ?1 and (outside of type A) 1 on A q 1 (resp. A q 2 ). Since translation functors commute with derived Zuckerman (or Bernstein) functors, it is easy to see that the relevant wall-crossing information is identical for both A q 1 and A q 2 . The lemma follows.
The following two results are crucial observations about the combinatorial algorithms of Sections 3{7. Lemma 8.6. Retain the setting and notation of Lemma 8.5. Then the shape of T 1 coincides with that of AV(A q 1 ). In particular, T 1 has special shape.
Sketch. Obviously we may assume that we are not in Type A. The other cases are a little more delicate. They are treated in Section 8.7.
Lemma 8.7. Retain the notation of Lemma 8.5. Write S for the skew-shape obtained by removing the shape of AV(A q 1 ) from the shape of AV(A q 2 ). Then there is at most one way to tile S by boxes (in type A) or dominos (otherwise) labeled r 1 +1; : : : ; r 2 such that each index j lies strictly above j + 1 (in the sense of Lemma 8.4).
Proof. Lemmas 8.5 and 8.6 imply that S can be tiled by dominos. It is easy to see from the form of the algorithms that each row of S has length at most 2. This immediately gives the lemma. If this sequence has a single term, A q is the trivial representation, whose annihilator is of course known. Inductively we may assume that we have computed the special-shape tableau T 0 parametrizing the annihilator of A q 0, where q 0 is parametrized by the saturated sequence ; (p 1 ; q 1 ); : : : ; (p r ; q r ): Let s 0 be the number of boxes in T 0 . Lemmas 8.5 and 8.6 imply that we know the position of the rst s 0 boxes (or dominos) in T: they coincide with T 0 . It remains to specify the remaining boxes (or dominos) s 0 +1, . . . , s. Proposition 8.3 and Lemma 8.4 implies that each index j must be entered above j+1. Since we have computed AV(A q ) in Sections 3{7, we know the shape of T 0 , and Lemma 8.7 thus implies that there is a unique way to position the indices s 0 +1, . . . , s in T subject to the above restrictions. This procedure explicitly computes the annihilators of the A q modules.
Example 8.8. Let i (i = 1; : : : ; 3) be the sequence consisting of the rst i entries of 2; (4; 0); (1; 1). According to the Section 4, 1 parametrizes a -stable parabolic for Sp(4; R), 2 parametrized q 2 for Sp(10; R) , and 3 parametrizes q 3 for Sp(14; R) . Of course A q 1 is the trivial representation whose associated variety is the zero orbit and whose annihilator is given by 
